Abstract. It is conjectured that a rational map whose coefficients are algebraic over Q p has no wandering components of the Fatou set. R. Benedetto has shown that any counter example to this conjecture must have a wild recurrent critical point. We provide here the first examples of rational maps whose coefficients are algebraic over Q p and that have a (wild) recurrent critical point. In fact, we show that there is such a rational map in every one parameter family of rational maps that is defined over a finite extension of Q p and that has a Misiurewicz bifurcation.
Introduction.
Fix a prime number p, let Q p be the field of p-adic numbers and let C p be the completion of an algebraic closure of Q p . We consider rational maps whose coefficients in C p are algebraic over Q p , viewed as a dynamical systems acting on the projective line P(C p ).
1.1.
No wandering domains conjecture. Fix a rational map R ∈ C p (z) whose coefficients are algebraic over Q p . Just as in the complex case, the projective line P(C p ) is partitioned into two sets: the Fatou set where the dynamics is stable and the Julia set where the dynamics is (topologically) expanding [Hs] . The Fatou set is open and dense in P(C p ) and it is in turn partitioned into three open sets, where the dynamics of R is: contracting, (eventually) quasi-periodic and wandering [R1] .
The situation here is analogous to the complex case, but Sullivan has shown that complex rational maps do not have wandering domains [Su] . By analogy to the complex case, it is conjectured that the wandering part of the Fatou set is empty [Be1] , [R1] . In its simplest formulation this conjecture is as follows.
Conjecture. Every wandering disk is attracted to an attracting cycle. 
1.2.
Wild recurrent critical points. R. Benedetto has shown that any counter example to the no wandering domains conjecture must have a non-periodic wild recurrent critical point [Be1] . A critical point of a rational map R is a point in P(C p ) where the local degree of R is strictly bigger than 1. If moreover this local degree is a multiple of p, then the critical point is called wild. A point of P(C p ) is recurrent under R if it is accumulated by its forward orbit under R.
We provide here the first examples of rational maps whose coefficients are algebraic over Q p , having a (wild) recurrent critical point that is not periodic. Such a critical point must belong to the Julia set, so for such rational maps there is a delicate balance between the local contraction of the critical point and the topological expansion of the Julia set.
Theorem A. In every one parameter family of rational maps that is defined over a finite extension of Q p and that has a Misiurewicz bifurcation, there is a rational map whose coefficients are algebraic over Q p and that has a non-periodic recurrent critical point.
A one parameter family of rational maps R has a Misiurewicz bifurcation at a parameter t 0 , if there is a critical point that is mapped to a repelling periodic point by some iterate R ℓ t 0 of R t 0 , but for t = t 0 near t 0 this does not happen. See Section 5 for precise definitions.
We give an algebraic condition that guarantee that the rational map in the theorem has coefficients in a given finite extension of Q p , see Corollary 2 in Section 5.2. For a given d > 1, we show that the family,
has a Misiurewicz bifurcation at t = 0 and that it satisfies this algebraic condition. We conclude that there are arbitrarily small parameters t in Q p , for which the critical point 1 of P t is recurrent but not periodic. Note that the local degree of P t at 1 is equal to d, so when p divides d this critical point is wild.
1.3.
Comparison with the complex case. In the complex case C. McMullen has shown that every non-trivial algebraic family of rational maps has bifurcations, except for some special families of Lattès maps [Mc1] . Moreover Misiurewicz bifurcations are dense in the bifurcation locus [Mc2] . So Misiurewicz bifurcations occur in virtually every algebraic family of complex rational maps. This statement does not hold in the ultrametric setting considered here. To begin with, the family of quadratic polynomials P c (z) = z 2 +c, for c ∈ C p , is a non-trivial algebraic family of non-Lattès rational maps, and yet it does not have Misiurewicz bifurcations. In fact, when |4c| ≤ 1 all cycles are non-repelling and when |4c| > 1 the (unique) finite critical point escapes to infinity, so it cannot be mapped to a repelling periodic point. Besides parabolic bifurcations, that have a small impact in the overall dynamics, the quadratic family seems to be locally stable.
Problem 1. Characterize those algebraic families having a Misiurewicz bifurcation.
A marked critical point of a one parameter family of rational maps R, is a function c : t → c t , such that for every parameter t the point c t is a critical point of R t . A marked critical point is active at a parameter t 0 if on any neighborhood of t 0 the family {R n (c)} n≥1 is not equicontinuous. A natural candidate for the bifurcation locus is the set of those parameters for which there is a (locally) active critical point, compare with Proposition 2.4 of [Mc2] .
Problem 2. Consider a one parameter family of rational maps R with a marked critical point that is active at some parameter t 0 . Is t 0 accumulated by Misiurewicz bifurcations?
1.4. Remarks. As P(C p ) is totally disconnected (every connected component is reduced to a point), is not natural to consider the decomposition of the Fatou set into its connected components, as it is done in the complex setting. Moreover the Fatou set is usually equal to P(C p )! There is however a natural (dynamical) partition of the Fatou set, but it is not easy to describe. This is done in detail in [R2] , see also [Be3] and [R1] . The situation is much more natural when one considers the action of the rational map on the Berkovich analytic space of P(C p ).
Recently Benedetto has shown examples of (polynomial) rational maps whose coefficients are transcendental over Q p , having a wandering domain [Be3] . Using similar techniques, it can be shown that near every Misiurewicz bifurcation of a wild critical point there are (transcendental) parameters having a wandering domain.
Here we follow in part the axiomatic treatment of Misiurewicz bifurcations in [Mc2] .
Preliminaries.
Fix a prime number p, let Q p be the field of p-adic numbers and let C p be the completion of an algebraic closure of Q p . All finite extensions of Q p that we will consider will be subfields of C p . We denote by | · | the norm of C p , by C * p its multiplicative group and
We also denote O p = {z ∈ C p | |z| ≤ 1} the ring of integers of C p and
For a ∈ C p and r ∈ |C * p | we call {|z − a| ≤ r} or {|z − a| < r} open or closed ball of C p , respectively. When r > 0 does not belong to |C * p | these sets coincide and they form what we call an irrational ball of C p . By definition a ball of C p is irrational if and only if diam(B) ∈ |C * p |, so the diameter of a open or closed ball of C p belongs to |C * p |. We identify the projective line P(C p ) of C p with C p ∪ {∞}. So, for every subfield K of C p the corresponding projective line P(K) ⊂ P(C p ) is identified with K ∪ {∞}. The chordal metric ∆ on P(C p ), is defined in homogeneous coordinates by
3. Holomorphic functions.
Let n be a positive integer. A closed or open polydisk in C n p is a product n of closed or open balls of C p , respectively. When n = 2, polydisks are also called bidisks.
A holomorphic function defined on a polydisk D in C n p , is a function given by a convergent power series of the form
Usually holomorphic functions are defined over more general domains. As our results are of local nature, holomorphic functions defined over polydisks will be enough for our purposes.
Such a function has a power series expansion at each point (ζ 1 , . . . , ζ n ) in D, that converges in all of D. The sum, the product and the composition of holomorphic functions are holomorphic functions.
For a finite extension K of Q p , we say that a holomorphic function f defined on a polydisk D is defined over K, if the power series of f at some point of D in K n , has coefficients in K. In that case the power series of f at each point of D in K n has coefficients in K. Clearly a holomorphic function f defined over K is also defined over every finite extension L of K. So the image by f of an element of L belongs to L.
The sum, the product and composition of holomorphic functions defined over K are also holomorphic functions defined over K.
3.1. The following lemma states some basic properties of holomorphic functions that we will use frequently. For the proof in the case of the unit polydisk see Section 5.1 of [BGR] . The general case follows easily from this case.
Lemma. (Injective holomorphic functions).
Given r ∈ |C * p | set D = {|z| ≤ r} and let f (z) = c 0 + c 1 z + . . . be a power series converging on D. Then the following assertions hold.
1. f is injective on D if and only if for every k > 1 we have
If f is injective and defined over a finite extension K of Q p , then the inverse of f is defined over K and f induces a bijection between D ∩ K and f (D) ∩ K.
Proof. Part 1 is an easy consequence of Schwarz' Lemma, as stated in [R1] , Section 1.3.1. To prove part 2, we reduce to the case c 0 = 0 and
Since f converges on D we have |c k |r k−1 → 0 as k → ∞. By part 1, the hypothesis that f is injective implies that for k > 1 we have |c k |r k−1 < 1. Therefore γ = sup{|c k |r k−1 | k > 1} < 1. Let us now define inductively b i ∈ C p , in such a way that
Set b 1 = 1, so that this is satisfied for i = 1. Suppose that this holds for some positive integer i and let a ∈ C p be defined by
Then b i+1 = −a satisfies the inductive condition. By definition b i is a linear combination, with coefficients in Z, of terms of the form
where j ≥ 1 and
On the other hand,
It follows by induction on i that |b i |r i < r, for i > 1 and that |b i |r i → 0 as i → ∞. Therefore the power series z + b 2 z 2 + . . . converges on D to the inverse of f .
For part 3, just observe that b i ∈ Z[c 1 , . . . , c i ], so the inverse of f is defined over K whenever f is. The last assertion of part 3 follows from the fact that holomorphic functions defined over K map points of K to points of K.
3.3. Inverse branches. Let f : D → C p be a holomorphic function. If for a point z 0 ∈ D we have f ′ (z 0 ) = 0, then f is injective on a small ball containing z 0 and therefore f has a local inverse g at z 0 (Lemma 3.2). The function g is holomorphic and it is defined over a finite extension K of Q p , whenever f is defined over K and z 0 ∈ K.
3.4. Lemma. Let f be an injective holomorphic function defined on a closed ball D of C p , such that the ball f (D) contains 0. Then for every holomorphic function g :
Proof. After an affine coordinate change on the domain we assume
If f and g are defined over K, then f − g is defined over K and z 0 ∈ K (part 2 of Lemma 3.2).
3.5. One parameter families of holomorphic functions. A one parameter family of holomorphic functions, is a holomorphic function defined on a bidisk. Such a function f : B × D → C p can be written in the form
for each ζ ∈ D, where each c i is a holomorphic function defined on B and for each t ∈ B the function f t is holomorphic. When f is defined over a finite extension K of Q p and ζ ∈ K, the functions c i are defined over K. In that case, for every t ∈ K the function f t is defined over K.
3.6. Lemma. Let f be a one parameter family of holomorphic functions defined on a bidisk containing (0, 0), of the form
Assume that r > 0 and r ′ > 0 are such that for every t ∈ B, we have
Then for every t ∈ B the holomorphic function f t maps D bijectively onto
Moreover, the inverse functions (f t | D ) −1 form a one parameter family of holomorphic functions g, defined on B × D ′ . If f is defined over a finite extension K of Q p , then so is the family g.
Proof.
Replacing f by f − f (0) we assume c 0 ≡ 0. The hypothesis that for every t ∈ B we have |c 1 (t)| = |c 0 (0)| = 1, implies that the function t → c 1 (t) −1 is holomorphic, cf. [FvP] Lemme I.2.5. So replacing f by c
Then the proof is similar to the proof of part 2 of Lemma 3.2.
3.7. The following lemma is an easy consequence of the previous one.
Lemma. Let f be a one parameter family of holomorphic functions defined on a bidisk D and let
(z 0 ) = 0. Then for every small ball D containing z 0 there are balls B and D ′ of C p , such that t 0 ∈ B and such that for every t ∈ B the function f t induces a bijection between D and D ′ . Moreover, the inverse functions
form a one parameter family of holomorphic functions g defined on B × D ′ . If f is defined over a finite extension K of Q p and t 0 , z 0 ∈ K, then so is the family g.
2 and consider a one parameter family of holomorphic functions of the form
defined for t and z close to 0. Then for every t and every ξ close to 0, the function f t maps the ball
Moreover, for a fixed ξ the corresponding inverse maps form a one parameter family of holomorphic functions. If f is defined over a finite extension K of Q p and if ξ ∈ K, then this family of inverse maps is defined over K. Proof. Let B be a ball containing 0 such that for every t ∈ B we have
So the function t → c d (t) −1 is holomorphic on B and, replacing f by c
Let η ∈ C p be of norm equal to δ and let r ′ > 0 be small enough so that for j > d we have sup B |c j (t)|(r
and fix ξ ∈ D. Consider the one parameter family of holomorphic functions h, defined on B × O p by
Observe that, as |η| = δ ≤ |p| 2 , the coefficients of the polynomial (1 + ηz) d − 1 − ηdz have norm at most δ|pd|. Therefore, for every t ∈ B we have |b 1 (t) − ηd| ≤ δ|pd| and for j = 1 |b j (t)| ≤ δ|pd|.
So h satisfies the hypothesis of Lemma 3.6 with r ′ = 1. The assertions follow easily from the conclusions of this lemma.
Dynamics of rational maps.
We consider a rational map R with coefficients in C p as a dynamical system acting on P(C p ). We refer the reader to [Hs] and [R1] for background on dynamics of rational maps. For a positive integer n we denote by R n the n-th iterate of R and R 0 will denote the identity map.
Rational maps are locally holomorphic functions, in the sense that they are given by a convergent power series on a neighborhood of each point of P(C p ), in suitable coordinates. This follows from the fact every rational map has a power series expansion on a neighborhood of every point of C p that is not a pole.
Periodic points.
A point z 0 ∈ P(C p ) is fixed by a rational map R ∈ C p (z), if R(z 0 ) = z 0 . The point z 0 is periodic by R if for some integer n ≥ 1 the point z 0 is fixed by R n . When n is the least integer with this property, we say that n is the period of z 0 . In that case the derivative λ = (R n ) ′ (z 0 ), in a coordinate such that z 0 = ∞, is invariant under coordinate changes and its is called the multiplier of z 0 . We say that z 0 is a repelling, indifferent or attracting periodic point, according to |λ| > 1, |λ| = 1 or |λ| < 1, respectively.
Lemma. Suppose that a ∈ C p is a repelling fixed point of a rational map R and set λ = R ′ (a). Denote by g the local inverse of R at a. Then there is a ball D containing a, such that g(D) ⊂ D and such that the sequence of functions {λ i (g i − a)} i≥1 converges uniformly on D to a holomorphic function ζ. Moreover ζ is locally injective at a.
By definition the function ζ satisfies the functional equation ζ • g = λ −1 ζ, so that ζ conjugates g to the map z → λ −1 z on a neighborhood of a.
Proof. After an affine coordinate change assume that a = 0 and that g is defined on O p . Then g is of the form
with lim i→∞ |c i | = 0. Set C = sup i≥1 |c i | and note that for every z ∈ O p we have |λg
⊂ D and it follows by induction that for every i ≥ 1 we have |g
Misiurewicz maps and homoclinic orbits.
A rational map with marked critical point is a pair (R, c) consisting of a rational map R and a critical point c of R. When R has coefficients in a finite extension K of Q p and c ∈ K, we say that (R, c) is defined over K.
A rational map with marked critical point (R, c) is Misiurewicz, if the critical point c is mapped to a repelling periodic point of R under iteration. In this case, replacing R by an iterate if necessary, we assume that the critical point c is mapped to a repelling fixed point of R under iteration. Fix such (R, c) and let ℓ ≥ 1 be the minimal integer for which a = R ℓ (c) is a repelling fixed point. A bi-infinite orbit is a sequence {z i } i∈Z such that for every i ∈ Z we have R(z i ) = z i+1 . A homoclinic orbit is a bi-infinite orbit {z i } i∈Z for which
As a is a repelling fixed point, this implies that for some m ∈ Z we have z m = a. Moreover, if we denote by g the local inverse of R at a, then for some n ∈ Z the point z n belongs to the domain of definition of g and for j ≥ 0 we have z n−j = g j (z n ).
4.3. Ramification and critical homoclinic orbits. A point z is an unramified preimage of a point w, if for some positive integer n ≥ 1 we have R n (z) = w and if the local degree of R n at z is equal to 1. A point is unramified if it has infinitely many unramified preimages.
Let (R, c), a, ℓ, . . . be as in §4.2 above. We say that a homoclinic orbit {z i } i∈Z is critical, if z 0 = c and if for every j < 0 the point z j is an unramified preimage of c. In this case we have z j = a for every j ≥ ℓ.
Proposition. Let (R, c) be a Misiurewicz rational map with marked critical point, defined over a finite extension K of Q p . If the critical point c is unramified, then there is a critical homoclinic orbit contained in a finite extension of K. Proof. Let ℓ ≥ 1 be the least integer such that R ℓ (c) is a repelling periodic point of R. Replacing R by an iterate if necessary we assume that a = R ℓ (c) is a fixed point of R. Denote g a local inverse of R at a. As c is not periodic under R, the sets R −n (c) for n ≥ 1 are pairwise disjoint. It follows that for large n ≥ 1 and every w ′ ∈ R −n (c), all preimages of w ′ are unramified. As c is unramified, there is such w ′ that is in addition an unramified preimage of c. By the eventually onto property, there is a point w in the domain of definition of g and an integer m such that R m (w) = w ′ [Hs] (note that w ′ is not an exceptional point, as R n (w ′ ) = a is a repelling fixed point.) By the choice of w ′ , the point w is an unramified preimage of c. So the backward orbit {g i (w)} i≥0 and the forward orbit of w form a critical homoclinic orbit.
As (R, c) is defined over K and w ∈ R −(m+n) (c), it follows that w and its forward orbit belong to a finite extension L of K. As a = R ℓ (c) ∈ K it follows that g is defined over K, and hence over L. So the backward orbit {g i (w)} i≥0 is contained L.
4.4.
One parameter families of rational maps. A one parameter family of rational maps defined over a ball B of C p , is a function
such that for each parameter t ∈ B we obtain a rational map R t : P(C p ) → P(C p ) whose degree is independent of t and whose coefficients are holomorphic functions defined on B. We say that a one parameter family of rational maps R is defined over a finite extension K of Q p , if the coefficients of R t are defined over K, as holomorphic functions.
The following are natural operations to obtain new families from a given one.
t , where ϕ : B × P(C p ) → P(C p ) is a one parameter family of Möebious transformations (rational maps of degree 1). 2. Iteration. For a given n ≥ 1, replace R t by R n t . 3. Base change. Replace R t by R Φ(t) , where Φ : B → B is a non-constant holomorphic function.
Note that these operations preserve families defined over a finite extension K of Q p , when ϕ and Φ are defined over K.
Marked critical points.
A one parameter family of rational maps with marked critical point (R, c) is a one parameter family of rational maps R : B × P(C p ) → P(C p ), together with a holomorphic function c : B → P(C p ) such that c t is a critical point of R t , for every t ∈ B. We say that (R, c) is defined over a finite extension K of Q p , when both R and c are defined over K.
4.5. The following lemma shows that a one parameter family of rational maps is locally a one parameter family of holomorphic functions. So the considerations of Section 3 apply to families of rational maps.
Lemma. Let R be a one parameter family of rational maps defined over a ball B. Then for every (t 0 , z 0 ) ∈ B × C p such that z 0 is not a pole of R t 0 , the restriction of R to a sufficiently small bidisk containing (t 0 , z 0 ) is a one parameter family of holomorphic functions. Proof. After a coordinate change assume z 0 = R 0 (z 0 ) = 0. As by assumption the degree of R t does not depend on t, we can write R t as the quotient of polynomials R t = P t /Q t , in such a way that the coefficients of P t and of Q t are holomorphic functions of t and such that for each t ∈ B the polynomials P t and Q t do not have common factors. Write Q t (z) = c 0 (t)+c 1 (t)z+. . .+c d (t)z d . As by assumption P 0 and Q 0 do not have common factors and R 0 (0) = 0, we have P 0 (0) = 0 and c 0 (0) = 0. Shrinking B if necessary, assume that the function t → c 0 (t) −1 is well defined and holomorphic on B. Then, replacing P by c 0 P and Q by c −1 0 Q if necessary, we assume c 0 ≡ 1. Let h be the holomorphic function 1 − Q and let D be a sufficiently small polydisk so that sup D |h| < 1. Then, on D we have that R = P (1 + h + h 2 + . . .) is a holomorphic function.
4.6. Holomorphic dependence. Let R be a one parameter family of holomorphic functions defined over a ball B. Let t 0 ∈ B and a 0 ∈ C p be such that a 0 is a repelling fixed point of R t 0 . Then there is a holomorphic function a, defined on a ball B ′ containing t 0 , such that for every t ∈ B ′ the point a t is a repelling fixed point of R t . The function λ t = R ′ t (a t ) is holomorphic. Let g be a one parameter family of holomorphic functions defined on a bidisk containing (t 0 , a 0 ), such that for every t the holomorphic function g t is a local inverse of R t at a t (Lemma 3.7). Then we can show in a similar way as in Lemma 4.1, that the sequence of holomorphic functions {λ i (g i −a)} i≥0 converges uniformly to a one parameter family of holomorphic functions ζ. When R is defined over a finite extension K of Q p and t 0 , a 0 ∈ K, then a, λ, g and ζ are all defined over K.
Misiurewicz bifurcations.
Let (R, c) be a one parameter family of rational maps with marked critical point. We say that (R, c) has a Misiurewicz bifurcation at t = t 0 , if the following conditions are satisfied.
(M1) There is an integer ℓ ≥ 1 such that R
is not a fixed point of R t , for some parameter t. (M4) deg R ℓ t (c t ) = d for every t close to t 0 . For t close to t 0 , denote by a t the fixed point of R t that is the continuation of the repelling fixed point R ℓ t 0 (c t 0 ) of R t 0 . We say that the Misiurewicz bifurcation of (R, c) at t = t 0 is transversal, if the function t → R ℓ t (c t ) − a t has a non-zero derivative at t = t 0 , in a coordinate such that a t 0 = ∞. 5.1. Admissible homoclinic orbits. Let (R, c) be a one parameter family of rational maps with marked critical point, having a Misiurewicz bifurcation at t = 0. Denote by ℓ the least integer for which a 0 = R ℓ 0 (c 0 ) is a repelling fixed point of R 0 . Assume a 0 = ∞ and set λ 0 = R ′ 0 (a 0 ). For a homoclinic orbit {z i } i∈Z the limit
exists and it is non-zero, cf. Lemma 4.1. We call ζ the asymptotic position of the homoclinic orbit {z i } i∈Z . Note that a coordinate change ϕ affects ζ by a factor of ϕ
For small t denote by a t the fixed point of R t that is the continuation of a 0 . As (R, c) has a Misiurewicz bifurcation at t = 0, it follows that the function t → R ℓ t (c t ) − a t vanishes at 0 and that it is non-constant. So, there is a positive integer d
When (R, c) is defined over a finite extension K of Q p , then a 0 = R ℓ 0 (c 0 ), λ 0 , ρ and ρ ′ all belong to K. If moreover the homoclinic orbit {z i } i∈Z is contained in K, then ζ belongs to K * .
Definition. Let (R, c), λ 0 , . . . be as above and suppose that (R, c) is defined over a finite extension K of Q p . A K-admissible homoclinic orbit is a critical homoclinic orbit {z j } j∈Z contained in K, for which there is an integer m 0 such that
Remark.
1. The K-admissibility condition is invariant under coordinate changes and base changes defined over K. In fact, a coordinate change ϕ affects the first element by a factor of (ϕ
and leaves the second invariant, while a base change Φ leaves the first invariant and affects the second by a factor of (Φ ′ (0)) d ′ . 2. Every critical homoclinic orbit can be made admissible by a finite extension of the base field.
When the Misiurewicz bifurcation (R, c) is transversal, that is
when d ′ = 1, the second condition of K-admissibility is automatically satisfied.
Misiurewicz cascades.
In this section we reduce the proof of Theorem A to the following proposition. The proof of this proposition is deferred to the next section.
Proposition A. Let (R, c) be a one parameter family of rational maps with marked critical point, having a Misiurewicz bifurcation at t = 0. Suppose that (R, c) is defined over a finite extension K of Q p and that there exists a K-admissible homoclinic orbit.
Then there is a sequence of parameters {t r } in K converging to 0, such that for every r, (R, c) has a transversal Misiurewicz bifurcation at t = t r that admits a K-admissible homoclinic orbit. Moreover, if we denote by ℓ r ≥ 1 the least integer such that R ℓr (c tr ) is a repelling fixed point of R tr , then The following corollary is immediate consequence of the proposition. ) . Let (R, c) be a one parameter family of rational maps defined over a finite extension K of Q p . Among the parameters in K for which (R, c) has a Misiurewicz bifurcation admitting a K-admissible homoclinic orbit, those having a transversal Misiurewicz bifurcation are dense.
Corollary 1. (Transversal Misiurewicz Bifurcations
Proof of Theorem A. Let (R, c) and K be as in the proposition. Then there is a critical homoclinic orbit contained in a finite extension L of K (Proposition 4.3). Taking L larger if necessary, this critical homoclinic orbit is L-admissible. Then Theorem A is an immediate consequence of the following corollary of the proposition.
Corollary 2. Let (R, c) be a Misiurewicz bifurcation at t = 0, defined over K. If there exists a K-admissible homoclinic orbit, then there are arbitrarily small parameters t in K for which the critical point c t of R t is recurrent, but not periodic. Proof. Let m 0 be the least positive integer such that a 0 = R m 0 0 (c 0 ) is a repelling fixed point of R 0 . For small t denote by a t the repelling fixed point of R t that is the continuation of a 0 .
Set s 0 = 0. From the proposition we can define by induction a sequence of parameters {s n } n≥1 in K, converging to some parameter t 0 ∈ K, such that for every n ≥ 1 the following properties hold.
1. (R, c) has a Misiurewicz bifurcation at t = s n that admits a K-admissible homoclinic orbit. 2. If we denote m n the least integer such that R mn sn (c sn ) = a sn , then
3. s n is close enough to s n−1 so that for every 1 ≤ i ≤ m n−1 we have
Property 2 implies that for every n ≥ 1 we have
so that the critical point c t 0 of R t 0 is recurrent. Property 3 implies that for every n ≥ 1 we have
so that the forward orbit of c t 0 under R t 0 accumulates on a t 0 . As a t 0 is a repelling fixed point of R t 0 , it follows that the critical point c t 0 is not periodic.
5.3.
Recurrent critical points in Q p . Given a prime number p and an integer d > 1, consider the one parameter family of polynomials
As for every parameter t the local degree of P t at 1 is equal to d > 1, it follows that (P, 1) is a one parameter family of polynomials with marked critical point, that is defined over Q p . We will verify that this family has a Misiurewicz bifurcation at t = 0 and that there is a Q padmissible homoclinic orbit. Corollary 2 then implies that there are arbitrarily small parameters t in Q p for which the critical point 1 of P t is recurrent, but not periodic. Let us now verify that (P, 1) has a Misiurewicz bifurcation at t = 0. (M1) P 0 (1) = 0 is a fixed point of P 0 whose multiplier
So, if we denote by g the inverse of P 0 | mp , then {g i (1)} i≥1 is an infinite sequence of unramified preimages of 1. This proves that 1 is unramified for P 0 . (M3) As P t (0) = t, for t = 0 the point P t (1) = 0 is not fixed by P t . (M4) As ℓ = 1, for every t we have deg P ℓ t (1) = d. Next observe that this Misiurewicz bifurcation is transversal. In fact, for small t denote by a t the repelling fixed point of P t that is the continuation of a 0 = 0. From the equation a t = −p −d a t (a t − 1) d + t we deduce that |a t | = |p d t| and that the derivative of t → P t (1) − a t at t = 0 is different from zero.
We will show now that the homoclinic orbit formed by the backward orbit {g i (1)} i≥1 and the forward orbit of 1 under P 0 is Q p -admissible. As our Misiurewicz bifurcation is transversal, we only need to verify the first condition of Q p -admissibility.
Since P 0 and g are defined over Q p , this homoclinic orbit is contained in Q p . Denote by ζ = lim
its asymptotic position. As
and that the first condition of Q p -admissibility is satisfied with m 0 = 0. Set ζ 0 = 1 and for i ≥ 1 set
Proof of Proposition A.
Denote by ℓ ≥ 1 the least integer for which a 0 = R ℓ 0 (c 0 ) is a repelling fixed point of R 0 . For small t denote by a t the repelling fixed point of R t that is the continuation of a 0 . Since every non-constant rational map has at least one non-repelling fixed point [Be2] , after a coordinate change we assume that ∞ is a non-repelling fixed point of R 0 . So for every small t we have a t = ∞ and c t = ∞.
Denote by λ t = (R ℓ t ) ′ (a t ) the multiplier of a t and denote by g t the local inverse of R t at a t . We assume that the g t are all defined on a ball of C p containing a 0 , that does not depend on t (Section 3.7). A. By hypothesis there is a K-admissible homoclinic orbit {z i } i∈Z of (R 0 , c 0 ); denote by ζ its asymptotic position. Let ρ, ρ
′ ≥ 1 be as in the admissibility condition. Then there are m 0 ∈ Z and ξ, ξ ′ ∈ K * such that
Lemma 3.8 applied to δ = |p 2 d| and to t → R ℓ t (c t ) − a t , implies that when r is large enough the function t → R
As the homoclinic orbit {z i } i∈Z is critical, we have z 0 = c 0 and for every j > 0 the point z −j is an unramified preimage of c 0 . Moreover, for some n > 0 the point z −n belongs to the domain of g 0 and for j ≥ 0 we have z −(n+j) = g j 0 (z −n ). Since ∞ is a non-repelling fixed point of R 0 , the homoclinic orbit {z i } i∈Z is contained in C p . By Lemma 3.7 it follows that, for every 0 ≤ i ≤ n and every sufficiently small ball D containing c 0 , there is a ball B containing t 0 and a one parameter family of holomorphic functions h i defined on B × D, such that for every t ∈ B the holomorphic function h It follows that for every small t the critical point c t of R t is unramified, as {h i t (c t )} i≥0 is an infinite sequence of unramified preimages of c t . C. The proof is organized as follows. In part D we define for every t ∈ B ′ = B ′ (r), an orbit {z i (t)} ℓ≤i≤ℓr ending at z ℓr (t) = a t . In part E we show that when r is sufficiently large there is a parameter t r ∈ B ′ in K such that R ℓ tr (c tr ) = z ℓ (t r ), so that R ℓr tr (c tr ) = z ℓr (t r ) = a tr and so that (R, c) has a Misiurewicz bifurcation at t = t r . In part F we show this Misiurewicz bifurcation is transversal. In part G we show that the critical homoclinic orbit (for t = t r ) determined by the infinite backward orbit {h i tr (c tr )} i≥0 , is K-admissible. The last assertion of the proposition is easy to verify, this is done in part E. D. Let r > r be such that |λ 0 | −( r−r)dd ′ < |p 2 dd ′ | and set m = rdd ′ −m 0 . Given an positive integer k set ℓ r = (k − 1)( m + ℓ) + m + 2ℓ.
We assume r large enough so that for every small parameter t we have B t ⊂ D. For t ∈ B ′ define w 1 t , . . . , w k t ∈ B t inductively as follows. Let w 1 t be the unique inverse image of a t by R ℓ t in B t . Let 1 < j ≤ k be given and assume that w j−1 t is already defined. When r is sufficiently large we have
) has a unique preimage by R ℓ t in B t . We let w j t be this preimage. Set z ℓ (t) = h m t (w k t ) and for ℓ < i ≤ ℓ r set z i (t) = R i−ℓ t (z 1 (t)). Then, for 0 ≤ j ≤ k − 1 we have z j( m+ℓ)+m+ℓ (t) = w k−j t , and therefore z ℓr (t) = a t .
It follows from Lemma 3.8 and from the fact that the functions h ν are holomorphic and defined over K, that the functions w j and z i are holomorphic functions defined over K. E. Recall that m = rdd ′ − m 0 depends on r. Assume r large enough so that for every w close to c t and every small t we have
(Section 4.6). Since for every t ∈ B ′ ⊂ {|z| ≤ |λ 0 | −rd |ξ ′ |} we have B t ⊂ {|z| ≤ |λ 0 | −rd ′ |ξ|}, it follows that for large r the function
) and Lemma 3.4 implies then that there is parameter t r ∈ B ′ such that f (t r ) = g(t r ), so that R ℓ tr (c tr ) = h m tr (w k tr ) = z ℓ (t r ). Since (R, c) and the functions a and h m (w k ) are defined over K and λ −m 0 ζ ∈ K, it follows that f and g are defined over K and t r ∈ K (cf. Lemma 3.4).
Let us verify now that (R, c) has a Misiurewicz bifurcation at t = t r . By definition of t r we have R ℓr tr (c tr ) = z ℓr (t r ) = a tr . As remarked in part B, for every t ∈ B ′ the critical point c t is unramified for R t . By construction, for every t ∈ B ′ none of the points z i (t), for ℓ ≤ i ≤ ℓ r , is a critical point of R t , so deg R ℓr (c t ) = deg R ℓ (c t ) = d. It remains to verify condition (M3). Suppose by contradiction that for every t ∈ B ′ we have R ℓr t (c t ) = a t . This implies that the functions R ℓ t (c t ) and z ℓ (t), and hence f and g, coincide on B ′ . But we saw above that g(B ′ ) is strictly smaller than f (B ′ ). To verify the last assertion of the proposition, observe that R F. We prove now that for large r the Misiurewicz bifurcation (R, c) at t = t r is transversal. As ∞ is a non-repelling fixed point of R 0 , it follows that for small t the forward orbit of c under R tr does not contain ∞. So ∂ t R t is well defined at each of these points.
After an affine change of coordinates we assume that a = a t and c = c t do not depend on t. So for all t we have R t (a) = a and ∂ t R t (a) = 0. Moreover there is a constant C > 0 such that for every point z close to a we have |∂ t R t (z)| ≤ C|z − a|. Enlarging C if necessary we assume that for every w ∈ D near c and every positive integer i we have
tr ), and when j = 0,
When j = 0, • For large r we have |(R G. Now we will prove that, if k = d and r is large enough, then the critical homoclinic orbit, for t = t r , determined by the infinite backward orbit {h i tr (c tr )} i≥0 is K-admissible. Denote by ζ r the asymptotic position of this homoclinic orbit.
By part F the Misiurewicz bifurcation (R, c) at t = t r is transversal, so we only need to verify the first condition of K-admissibility. We fix the parameter t = t r and omit all the indexes corresponding to parameters. We will use several times that (K * ) d is open in K * , so that any element in K close to 1 belongs to K d . Define ρ r , ρ r ∈ K * by R ℓr (z) = a + ρ r (z − c) d + . . . and R ℓ (z) = R ℓ (c) + ρ r (z − c) d + . . .
We have ρ r = (R ℓr−ℓ ) ′ (R ℓ (c)) · ρ r . As λ = λ tr → λ 0 , ζ r → ζ and ρ r → ρ as r → ∞, it is enough to prove that (R ℓr−ℓ ) ′ (R ℓ (c t )) = ρ r / ρ r ∈ K d .
By construction R ℓ (c) = h m (w k ). Moreover, recall that ℓ r − ℓ = (k − 1)( m + ℓ) + m + ℓ and m = rdd ′ − m 0 = m + ( r − r)dd ′ .
Since R ℓ (w 1 ) = a and for 1 ≤ j ≤ k − 1 we have R ℓ (w j+1 ) = h m (w j ), it follows that, if r is large enough compared to r, the quotient
is close enough to 1, to belong to
